Cooley-Tukey FFT Algorithms

e Consider alength-N sequence x[n] with an
N-point DFT X[k] where N = N;yN,
* Represent theindicesn and k as

3 O<m<N;-1
n=Nam + 1. {Os n, <N, -1

0<k < N;-1

K=kt Niko, {Os k, <N, -1
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Cooley-Tukey FFT Algorithms

e Using these index mappings we can write

N-1 Ak
X[Kk]= 2 x[n]Wy
as n=0
X[k] = X[k; + N;ko]

N,—1 N;-1
_ Z Z X[N2n1+n2]W|S|N2n1+n2)(k1+N1k2)
n,=0 m=0
N,—1 N;—1
=y ¥ ] Ny _|_nz]WI\|I\|2n1k1WI<I‘2k1WI\|?|1n2k2Wl\|I\|1N2r‘1k2
n,=0 =0
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Cooley-Tukey FFT Algorithms

° S|nce WN 2n1k1 Wn1k1 WN n kz
and W'\| Nl _q) we have

X[kg + NiKs]

N,—1

= 2 [Z X[N2”1+”2]WInlkl
n,=0{ \ n,=0

nk

Nz

] -

n2 k2
WN2

where 0< kg < Ny —1and 0<k, <N, -1
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Cooley-Tukey FFT Algorithms

* The effect of the iIndex mapping isto map the
1-D sequence X[ n] into a 2-D sequence that
can be represented as a 2-D array with iy
specifying the rows and n, specifying the
columns of the array

 Inner parentheses of the last equation is seen
to be the set of Nypoint DFTs of the N-
col umns;

1~ ka [ O0<Kk <N;-1
Gk, Nyl = D X[N2n1+n2]W|\r|]il’ {()< n;< N12—1
=0 T
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Cooley-Tukey FFT Algorithms

Note: The column DFTs can be donein
place

Next, these row DFTs are multiplied In
place by the twiddle factors W2 yielding

0<ky<N;-1
0< nzﬁ Nz—l

= k
G[kl,nz] ZWI{I]Z 1G[k1,n2], {

Finally, the outer sum isthe set of N,-point

DFTs of the columns of the array:

N, -1
~ N>k 0<k <N;-1
X[ky+ Nikol= ¥ Glkq, no]W, 272 { 0< klzgl\llz—l

N ]
Ny = 0 2
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Cooley-Tukey FFT Algorithms

 Therow DFTs, X[k; + N;k>], can again be
computed in place

e Theinput X[n] is entered into an array
according to the index map:
B O<m<N;-1
= Nznl—l_ 2, {OS N, < N2—1

» Likewise, the output DFT samples X[K]
need to extracted from the array according
to the index map:

K = k1+ lez, {

0<k <N;-1
0<k,<N,-1
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Cooley-Tukey FFT Algorithms

 Example- Let N=8. ChooseN; =2 and

N2 =4
e Then )
1
X[ks +2ky] = 23: [Zx[‘mﬁ "'2]W2k1n1
n,=0[ \ m=0
for0<k <land0<k, <3

]\A4§in2

kony
\AL4

Copyright © S. K. Mitra



Cooley-Tukey FFT Algorithms

o 2-D array representation of the input is

20 1 2 3

O |[X[O] X1 x[2] X3
1 (x[4] Xx[5] Xx[6] X[7]

e The column DFTs are 2-point DFTs given

by
Glky, o] = X{np] + (- {4+ 1y ], {giﬁiié

 These DFTsrequire no multiplications
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Cooley-Tukey FFT Algorithms

e 2-D array of row transformsis

n2
1

0 1 2 3

0
1

G[0,0] G[01] G[0,2] G[0,3]
G[10] G[1] G[L2] G[L3]

o After multiplying by the twiddlefactorsWS'“2k1
array becomes

n,
1

0 1 2 3

0
1

G[00 G[oY G[02] G[03
GL0] G G[12] G[13]
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Cooley-Tukey FFT Algorithms

» Note:  G[ky, np] =Wy 24G[ ky, ]
e Finally, the 4-point DFTs of the rows are
computed:

3 _
X[y +2Ko] = > Glky, np]W2ke,
n2=O
« Output 2-D array Is given by
Rl 0 1 2 3

0 | X[0] X[2] X[4] X[6]
1 X[ X[3] X[3] X[7]

0<k <1
0<k,<3
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Cooley-Tukey FFT Algorithms

e The process illustrated is precisaly the first
stage of the DIF FFT algorithm

e By choosing N;=4 and N, =2, we get
the first stage of the DIT FFT algorithm
» Alternate index mappings are given by

B O<m<N;-1
n=n+Nn, {os n, <N, -1

O0<ki<N;-1
k= Naky +he, {Osk;s N;—l
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Prime Factor Algorithms

 Twiddle factors can be

eliminated by

defining the iIndex mappings as

nN=< A+ Bn, >\, -

k =< Cky + DKy >, <

(0<m<N;-1
0<n,<N,-1
(0<k <N;-1
0<ky<N,-1

e To diminate the twiddle factors we need to

express

12

(An+Bn,)(Ck+Dk;) ke
W =W W
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Prime Factor Algorithms
e Now WISIArll+Bn2)(Ck1+Dk2)

—\W I\,IACnlklw I\'IA\D n1k2W|\||3C”2 kiWI\I?D n,k,

e |t followsfrom above that if
(AC)n = Np, (BD)n =N,

(AD)y =(BC)y =0
then
WISIA"H Bn,)(Ck+Dk,) _ WI(lllkin{l]z K
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Prime Factor Algorithms

e One set of coefficients that eliminates the

twiddle factorsis given by
A= N2, B=N;j,
C =Nx(N> >|\| , D =Ny (Ng >N2

« Heare (N; >N2 denotes the multiplicative
iInverse of Ny reduced modulo N,

+ = If (N{Dy, =a then (Nyayy, =1
or, in other words Ny = N, 5 +1 where g
IS any integer
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Prime Factor Algorithms
For example, if N;=4 and N, =3, then
(3h,=3 since (3-3),=1

Likewise, if (Na")n, =7 , then Noy = Ny +1
where o isany integer

Now, (AC)y =(N5-(Na(Nz"y, Dn
=(N2(No+12))y =(N2Nd+ No)y = Ny

Similarly,  (BDyy =(Ny-(N(NTHn, )n
=(Np(NoB+1))n =(NiNoB+ Ny = Ny
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Prime Factor Algorithms
e Next,
(AD)p =(Ny - (Ny{N; Y, )y =(Nayy =0
e Likewise,
(BCyn =(Np-(No(N3 ) )y =(Ny)y =0
e Hence,
X[K] = X[(Cik + Dky) ]

Ni—1 No-1
= 35 XA + By W g ke
n1:0 n2:0
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Prime Factor Algorithms
e Thus, X[(Ck;+ Dk,)n]

Ni—1 Ny-1

= %S (A + By W w2
Mm=0 ny,=0 N1
N,—1 .
=3 Gln,, ko] Wi
n,=0
where
N; -1 K
Glny, k] = ZOX[<An1+ Brp) N IWy,
nl:

and 0<k; < N;-1,0<k, <N,-1

17
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Prime Factor Algorithms

« Example- Let N=12. Choose N;=4 and
N, =3

e Then,A=3,B=4,C =3%31,=9 and
D=44";=4

e The index mappings are

N=(3n +4n,)1>, -

k :<9k1 + 4k2>12, 9
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Prime Factor Algorithms
o 2-D array representation of input is

X0l X4] X8
N3] X7]  X1]]
6] X10] X2

n,
M 0 1 2
0
1
2
3 {9 XU X3

* 4-point transforms of the columns lead to

0 1 2
G[0,0] G[0J] G[0.2]
G[L0] G[Ll] G[L2]
G[20] G[21] G[22]
G[30] G[31] G[32]

WN R OR
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Prime Factor Algorithms
 Final DFT array Is

7 o 1 2
0 | X[0] X[4 X8
1 X[9] X[ X[5
2 | X[6] X[10] X[2
3| X[3 X[7] X[11]

* 4-point DFTsrequire no multiplications,
whereas the 3-point DFTsrequire 4
complex multiplications

e Thus, the algorithm requires 16 complex

multiplications
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Chirp z-Transform Algorithm

o Let X[n] be alength-N sequence with a
Fourier transform

* \WWe consider evaluation of M samples of
that are equally spaced in angle on the unit
circle at freguencies

o, =wy+KAw, 0<Kk<M -1

where the starting frequency o, and the
frequency increment Aw can be chosen
arbitrarily
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Chirp z-Transform Algorithm

e Figure below illustrates the problem

Im
z plane

N )\/(M 1) /\ /\

N % 0]
N | s +
: Re

vl

unitcircle

Copyright © S. K. Mitra



Chirp z-Transform Algorithm

e The problem isthusto evaluate

: N-1 :
X (@)=Y xnle " 0<k<M -1
n=0

or, with W defined as

W =g JA®
to evaluate
. N—1 .
X(eja)k) _ Z X[n] e—ja)oank
n=0
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Chirp z-Transform Algorithm

+ Using theidentity nk=1[n? +k? - (k—n)?)
we can write

X (el ) = NZ_lx[n] ol @M\ 1 240 K2 120~ (k-1)2 /2
n=0

e Letting g[n]:x[n]e_j“)O”W”Z/2

we arrive a
X (el@) :szlz(Nz_lg[n]w—(k—n)zlz),
n=0
O0<k<<M -1
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Chirp z-Transform Algorithm
 Interchanging k and n we get
i 2 N-1 2
X(eja)n) :Wn /2( Z g[k]W—(n—k) /Zj,
k=0
e Thus, X(e!®n) correspondsto the
convolution of the seguence g[n] with the

sequence W-"*/2 followed by multiplication
by the sequence W"*/2 asindicated below

—n?/2 Jon
Xl 0o W O X(en)

e—j(x)oanZ/Z n2/2
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Chirp z-Transform Algorithm

» The sequence W—"/2 can be thought of as a
complex exponential sequence with linearly
Increasing frequency

e Such signals, in radar systems, are called
chirp signals

e Hence, the name chirp transform
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Chirp z-Transform Algorithm

e For the evaluation of
X (el@n) =W”2/2(Nz_1g[k]W‘(”‘k)2/Zj,
k=0
the output of the system depicted earlier
need to be computed over afinite interval
e Since g[n] isalength-N sequence, only a
finite portion of the infinite length sequence

W-""/2 js used in obtaining the convolution
sum over theinterval 0<n<M -1
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Chirp z-Transform Algorithm

o Typical signals

I ol n]
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Chirp z-Transform Algorithm

e The portion of the sequence W—"°/2 used in
obtaining the convolution sum is from the
Interval —N +1<n<M -1

-

W2 _(N-D<n<(M-1)
0, otherwise

e Let h[n]=+

\

as shown below
h ]

~ TTTHHHH h

T
—~N+1 O M

29 1
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Chirp z-Transform Algorithm
e |t can be seen that
glnjew-"/2=g[nl®h[n],0<n<M -1

* Hence, the computation of the frequency
samples X (e!/#n) can be carried out using
an FIR filter asindicated below

X[ ] »?g[n]» h[n] H%@—»y[n]

o~ jognyyn?/2 Wn?/2

where y[n] = X(e/®), 0<n<M -1
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Chirp z-Transform Algorithm

e Advantages -
e (1) N=Misnotrequired asin FFT
algorithms

* (2) Nether N nor M do not haveto be
composite numbers

e (3) Parameters w, and Aw are arbitrary

* (4) Convolution with h[n] can be
Implemented using FFT techniques
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Chirp z-Transform Algorithm

ﬂ 1T g[n]:hn

N 1 2
Wn/2

HEETSARRETS

——0
L -

I

I

L -

——0

———0
o—— O
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